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The isoscaling and isobaric ratio difference (IBD) methods are used to study the ∆µ/T (∆µ being
the difference between the chemical potentials of neutron and proton, and T being the temperature)
in the measured 1A GeV 124Sn + 124Sn, 112Sn + 112Sn, 136Xe + Pb and 124Xe + Pb reactions. The
isoscaling phenomena in the 124Sn/112Sn and the 136Xe/124Xe reactions pairs are investigated, and
the isoscaling parameter α and β are obtained. The ∆µ/T determined by the isoscaling method
(IS–∆µ/T ) and IBD method (IB–∆µ/T ) in the measured Sn and Xe reactions are compared. It is
shown that in most of fragments, the IS– and IB– ∆µ/T are consistent in the Xe reactions, while
the IS– and IB– ∆µ/T are only similar in the less neutron-rich fragments in the Sn reactions. The
shell effects in IB–∆µ/T are also discussed.
PACS numbers: 25.70.Pq, 21.65.Cd, 25.70.Mn
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I. INTRODUCTION
Research on nuclear symmetry energy has attracted
much attention both theoretically and experimentally
because of its importance in nuclear physics and astro-
physics (for recent reviews, see Refs. [1–3]). Among the
various methods, the yield of light particles and heavy
fragments (or ratios of these particles and fragments), are
frequently used to study the symmetry energy of nuclear
matter from sub-saturation to supra-saturation densities
produced in heavy-ion collisions (HICs) [4–17]. The re-
sults obtained from these methods constrain the nuclear
symmetry energy in a relative large scope [18]. As the
density dependence of nuclear symmetry energy is still an
open problem, an international collaboration called the
”Symmetry Energy Project” has been launched in order
to determine the density dependence of the symmetry
energy beyond the normal nuclear matter based on the
newly built radioactive ion beam facilities [19]. At the
same time, it is also hoped that new new observable for
studying the nuclear symmetry energy will be found.
The chemical potentials of the neutron (µn) and pro-
ton (µp) depend on nuclear density and temperature, and
reflect the symmetry energy of different nuclear matter
[20, 21]. In HICs, the different µn and µp in different reac-
tion systems influence the yield of fragments, and result
in isospin phenomena in reactions [22–25]. In contrast,
∆µ ≡ (µn−µp) can be determined from the yield of frag-
ments. For examples, in the isoscaling and isobaric yield
ratio (IYR) methods, ∆µ/T (T being the temperature)
is considered as a probe to study the symmetry energy
of nuclear matters in HICs [8, 21, 26–30]. As discussed
in previous works, ∆µ/T can reflect the symmetry en-
ergy of both the colliding sources and the fragments us-
ing different scaling parameters. [7, 27, 31–38, 40, 41].
For convenience, ∆µ/T is also called as the ”symme-
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try energy” in this work. The ∆µ/T determined by the
isoscaling (IS–∆µ/T ) and the isobaric yield ratio differ-
ence (IBD) methods (IB–∆µ/T ) have been compared in
previous works [21, 27, 28, 42]. Similar distributions of
the IB–∆µ/T and IS–∆µ/T are found, which also reveals
that ∆µ/T depends on the neutron density (ρn) and the
proton density (ρp) distributions, as well as the asymme-
try of projectile.
In comparison with the fragments produced by in-
termediate projectile fragmentation in Ref. [28], which
have relative small masses, we will analyze the fragments
produced by the 124,136Xe and 112,124Sn projectile frag-
mentation, which have larger masses and neutron-excess.
This paper is organized as follows. In Sec. II, the iso-
baric and isoscaling methods to determine ∆µ/T are in-
troduced; in Sec. III, ∆µ/T obtained from the studies
of fragments in the 124,136Xe and 112,124Sn reactions are
reported and discussed; In Sec. IV, a summary is pre-
sented.
II. MODEL DESCRIPTION
The IBD method has previously been described in Ref.
[28]. To illustrate the results more clearly, we briefly in-
troduce the isoscaling and IBD methods based on the
grand-canonical ensembles theory. The yield of a frag-
ment with mass A and neutron-excess I (I = N − Z) in
the grand-canonical limit is given by [43, 44],
Y (A, I) = C0A
τexp{[−F (A, I, T ) + µnN + µpZ]/T },
(1)
where C0 is a constant; µn and µp are the chemical po-
tential of neutron and proton, and N and Z are the neu-
tron and proton numbers. τ is nonuniform in different
reaction systems [45]. F (A, I, T ) is the free energy of the
cluster (fragment), and T is the temperature.
The isoscaling phenomena are shown in the isotopic
and isotonic ratios between two reactions of similar mea-
surements. From Eq. (1), the yield ratio of one fragment
2between two reactions, RIS
21
(N,Z) (1 and 2 denoting the
reactions, usually 2 denoting the neutron-rich reaction
system), can be defined as,
RIS
21
(N,Z) = Y2(N,Z)/Y1(N,Z) = C
′exp(αN + βZ),
(2)
Taking the logarithm of Eq. (2), one can obtain,
lnRIS
21
(N,Z) = C(αN + βZ), (3)
where C′ and C are overall normalization constants
which originate from the property of reaction system. µn
and µp are assumed to change very slowly, and can thus
be seen as the same in one reaction; α = ∆µn/T with
∆µn = µn2−µn1, and β = ∆µp/T with ∆µp = µp2−µp1,
which reflect the properties of colliding source. In the
isotopic ratio, β cancels out and α can be fitted; and in
the isotonic ratio, α cancels out and β can be fitted. α
can be related to the symmetry energy (Csym) in nuclear
mass of colliding source by different scaling parameters
[10, 27, 35–39].
For the IBD method, first, the IYR between isobars
differing by 2 units in I, RIB(I +2, I, A), can be defined
in single reaction as,
RIB(I + 2, I, A) = Y (A, I + 2)/Y (A, I)
= exp{[F (I + 2, A, T )− F (I, A, T ) + µn − µp]/T },(4)
Unlike in the isoscaling method, the C0A
τ term in Eq.
(1) cancels out and the system dependence is removed
in single reaction. Assuming that the isobars involved in
the ratio have the same temperature, only the retained
µn and µp are related to the colliding sources. Taking
the logarithm of Eq. (4), one obtains,
lnRIB(I + 2, I, A) = (∆F +∆µ)/T, (5)
where ∆F = F (I + 2, A, T ) − F (I, A, T ), and ∆µ =
µn − µp as previously defined. Now we can define the
difference between IYRs, which is labeled as the IBD, in
two reactions as the follows,
∆lnRIB
21
= ln[RIB
2
(I + 2, I, A)]− ln[RIB
1
(I + 2, I, A)]
= [(µn2 − µn1)− (µp1 − µp2)]/T = ∆µn/T −∆µp/T
= α− β, (6)
Eq. (6) reveals the relationship between the ∆µ/T
determined by isoscaling and IBD methods, i.e., IB–
∆µ/T ≡ ∆lnRIB
21
and IS–∆µ/T ≡ α− β, and IB–∆µ/T
should equal the IS–∆µ/T .
III. RESULTS AND DISCUSSIONS
In this paper, the yields of fragments in the measured
1A GeV 124Sn + 124Sn, 112Sn + 112Sn reactions [46],
and 1A GeV 124,136Xe + Pb [47] will be analyzed using
the isoscaling and IBD methods described above. First,
the isoscaling phenomena in these reactions will be illus-
trated. The isotopic and isotonic ratios in the Sn and
Xe reactions will also be analyzed to extract the isoscal-
ing parameters α and β according to Eq. (3). In Fig.
1, the isotopic and isotonic ratios between the 124Sn +
124Sn and 112Sn + 112Sn reactions are plotted, in which
Z changes from 16 to 31 and N changes from 19 to 39.
The different isotopes are shown by alternating full and
open symbols for clarity. Quite good linear scalings are
shown in the isotopic and isotonic ratios, which are de-
noted as lines from the linear fitting. In Fig.1(b), the
ratios of the isotones from N = 33 to 37 show different
trends to those of other N–isotones, at the same time,
less isotones are measured than the other isotones.
In Fig. 2, the isotopic and isotonic ratios between the
1A GeV 136Xe + Pb and 124Xe + Pb reactions are plot-
ted, in which Z changes from 10 to 52 and N changes
from 12 to 66. Much more fragments in the Xe reactions
are measured than the Sn reactions. The ratios of the
Z = 20 and 21 isotopes show a little different trend to
those of other Z-isotopes, at the same time, less isotopes
are measured than other Z–isotopes.
In Fig. 3, the obtained isoscaling parameters α and β
are plotted. The values of α form a plateau around 0.4
in a wide range of Z when Z < 40 both in the Sn and Xe
reactions. When Z > 40, α increases with Z in the Xe
reactions. In particular, there is a minimum value around
Z = 20 in the Xe reactions. For isotones, β shows similar
trend except the values are negative. When N < 40, β
forms a plateau around -0.45, and then decreases with
increasing N . The β distribution in the Sn reactions
is not as smooth as that in the Xe reactions. The α–
plateau in the 25A MeV 86Kr + 124,112Sn reactions is
around 0.4 [33], which coincides the result in this work. A
decreasing of α is observed, however, when Z > 30, which
is not shown due to the absence of data in this work.
α = 0.36 and β = −0.4 are obtained in the measured
central 112Sn + 112Sn and 124Sn + 124Sn collisions at an
incident energy of 50A MeV [31]. The α and β values
are also coincident with the results of the Sn reactions in
this work.
Generally, −β ≈ α is assumed [21, 41]. For one frag-
ment, specific α and β can be obtained from its Z-
isotopes and N -isotones, respectively, and the correla-
tion between α and β can be obtained. The correlation
between −β and α in Sn and Xe reactions is plotted in
Fig. 4. The −β and α correlation in Xe reactions is fit-
ted using a linear function, which reads y = 1.08x+0.06
and satisfies the approximation −β ≈ α. For the Sn
reactions, −β does not depend on α linearly, thus the
correlation is not fitted.
Second, the IS– and IB– ∆µ/T results will be com-
pared. From Eq. (6), IS–∆µ/T should equal to α − β.
The value of IB–∆µ/T is calculated from IYRs according
to Eq. (6). The values of ∆µ/T are plotted in Fig. 5.
Trends of ∆µ/T distributions similar to the Ca and Ni
reactions are found [28]. Generally, ∆µ/T also shows the
distribution of a plateau plus an increasing part. In most
of the fragments, IB–∆µ/T agrees well with IS–∆µ/T in
the Xe reactions. In the Sn reactions, IB–∆µ/T only
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FIG. 1. (Color online) Isoscaling phenomena between fragments in the 1A GeV 124Sn + 124Sn and 112Sn + 112Sn reactions
[46]. From left to right, in (a) the plotted are isotopic ratio of isotopes with Z increase from to 16 to 31, and (b) isotonic ratio
of isotones with N from 19 to 39. The linear fits to the isoscalings are shown as lines.
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FIG. 2. (Color online) Isoscaling phenomena in the fragment ratios between the 1A GeV 136Xe + Pb and 124Xe + Pb reactions
[47]. From left to right, in (a) the atomic numbers Z increase from to 10 to 52, and in (b) the neutron numbers N increase
from 12 to 66. The linear fits to the isoscalings are shown as lines.
agrees with IS–∆µ/T in the I =1 and 2 fragments, but
a relative large difference between them are shown in
the I =3 and 4 fragments. The plateaus form around
∆µ/T = 0.8, as shown by the guiding lines. The ∆µ/T
plateaus in the 48Ca/40Ca, 64Ni/58Ni, 58Ni/40Ca, and
48Ca/64Ni reactions are around 2.0, 1.4, 0.7, and 0.5 [28].
The height of the plateau is explained as being due to the
difference between the ρn distributions, as well as the dif-
ferences between the ρp distributions in the core of the
projectiles. The ∆µ/T in the Sn and Xe reactions are
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FIG. 3. (Color online) The results of the isoscaling parame-
ters α and β from the linear fitting in Figs. 1 and 2. The full
and open symbols represent the results of the Xe and Sn re-
actions, respectively; the circles and squares represent α and
β, respectively.
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FIG. 4. (Color online) The correlations between the isoscaling
parameters α and −β shown in Fig. 3 from the fragments in
the Sn and Xe reactions. The line represents the linear fits to
the α and −β correlation in the Xe reactions.
close to that of the 58Ni/40Ca reactions, which indicates
that in the core of 124Sn/112Sn and 136Xe/124Xe, the dif-
ference between the ρn and ρp distributions is similar to
those between the cores of 58Ni/40Ca.
Finally, we discuss the possible shell effects in IB–
∆µ/T shown in Fig. 5, which are not obvious in the Ca
and Ni reactions [28]. In a previous study, the shell effect
is also found in the symmetry-energy coefficient (asym)
of nucleus [13], which results in sudden changes in asym.
Generally, µn, µp and the resultant ∆µ should vary very
little, and there should be no nuclear structure effects in
the colliding process near the critical point temperature
[20]. In actual reactions, however, the primary fragment
are greatly influenced by the secondary decay, and the
nuclear structure effects can be manifested after the de-
cay process. A relative low temperature (T ∼ 2MeV )
is found for fragments with large mass using an isobaric
ratio method [29]. At this low temperature, the shell ef-
fects may be obvious in ∆µ/T . It is clearly observed that
around the magic number Z = 20, the isotopic ratios in
the Xe reactions show different trends to the other iso-
topes. The same also happens in the N = 20 and ∼ 30
isotonic ratios, which makes α and β change suddenly,
thus result in large gaps in ∆µ/T of fragments with a
magic number. IB–∆µ/T , as has been noted, is more sen-
sitive to the variation of symmetry energy than IS–∆µ/T
since the IBD method uses only two isobars [28]. Taking
IB–∆µ/T in the Xe reactions as an example, most of the
IB–∆µ/T can be divided into different bands according
to the shells. Some fragments with a magic number (or
near the magic number) are labeled as (Z,N) in Fig. 5.
Large gaps are shown between the IB–∆µ/T near the
closed-shell fragment and its neighbor, for example, the
I = 1 fragments (18, 19) and (19, 20) in (b); the I = 2
fragments (18, 20) and (19, 21) in (c); the I = 3 frag-
ments (25, 28) and (26, 29) in (d). The shell effects of
N = 28 are not obvious when I ≥ 3, and the same hap-
pens in Z = 28 fragment. The violent behavior is also
observed in IB–∆µ/T of the neutron-rich I =6 and I =7
fragments within the range of Z = 26 ∼ 30.
IV. SUMMARY
In this paper, the isoscaling and the IBD methods are
used to study the ∆µ/T by analyzing the fragment yield
in the measured 1A GeV 124Sn + 124Sn, 112Sn + 112Sn,
136Xe + Pb and 124Xe + Pb reactions. First, the isoscal-
ing phenomena in the 124Sn/112Sn and 136Xe/124Xe re-
actions are analyzed, and the isoscaling parameter α and
β are obtained. α (β) is found to be almost constant in
Sn reactions. The α (β) also changes very little in Xe
reactions when Z < 40 (N < 40), but α (β) increases
(decreases) when Z > 40 (N > 40). The α ≈ −β ap-
proximation is satisfied in Xe reactions but not satisfied
in Sn reactions.
The results of IS–∆µ/T and IB–∆µ/T in Sn and Xe
reactions are compared. In most of the fragments, the
IS– and IB– ∆µ/T are consistent in Xe reactions, while
they are only similar in the I = 1 and 2 fragments in Sn
reactions. The values of the ∆µ/T plateaus indicate that
the difference between ρn and ρp distributions in the core
of 136Xe/124Xe and 124Sn/112Sn is similar as that of the
58Ni/40Ca.
The possible shell effects in the IB–∆µ/T of fragments
are also discussed. The IB–∆µ/T in the Xe reactions
can be divided into different bands according to different
shells. The Z = 20 and N =28 shell effects are obvious in
IB–∆µ/T when the fragments are not very neutron-rich.
50.4
0.6
0.8
1.0
1.2
1.4
/T
I=0
(a)
(20,20)
(21,21)(19,19)
(d)
I=3
(20,23)
(21,24)(19,22)
(25,28)
(26,29)
(g)
I=6
(30,36)
(31,37)
0.4
0.6
0.8
1.0
1.2
1.4
(19,20)
(b)
I=1
/T
(18,19)
(26,27)
(27,28)
  IB
  IS
(e)
I=4
(20,24)
(22,26)
(h)
I=7
(30,37)
30 40 50 60 70
0.6
0.8
1.0
1.2
(c)
I=2
/T
A
(18,20)
(19,21)
(20,22)
(26,28)
30 40 50 60 70 80 90
(f)
I=5
A
(20,25) (30,35)
60 70 80 90 100
A
Full:136Xe+Pb/124Xe+Pb
Open:124Sn+124Sn/112Sn+112Sn
FIG. 5. (Color online) The values of IS– and IB– ∆µ/T determined from the measured fragments ratios in Sn and Xe reactions.
The numbers in brackets label the protons and neutrons of the nucleus (Z,N) (see the text for explanation). The green circles
represent the fragments having a magic number. The lines are just for guiding the eyes.
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